A Friedmann-Robertson-Walker universe filled with a conformally invariant scalar field is quantized by the reduced phase space method. In the gauge t = R, where R is the scale factor, a complete set of quantum states is exhibited, whose properties are compared to those of the Hartle-Hawking and Vilenkin wave functions. The issue of time, singularities, and shortcomings of the current theories of initial conditions are discussed.
1. Introduction. In its early stages, the universe may have gone through a phase in which it was very small, most degrees of freedom did not manifest themselves, and field effects were not dominant. If so, an appropriate description of the primordial universe is likely to be afforded by quantum cosmology, which consists in the "freezing out" of all but a finite number of degrees of freedom of the the gravitational field plus its sources, and then quantizing the remaining ones. Initiated by DeWitt [1] , this procedure is known as quantization in minisuperspace and is expected to provide general insights on what an acceptable quantum theory of gravity should be like, without the divergences that plague quantum field theory. Such a line of attack has been extensively explored to quantize model universes with different symmetries and varying matter content [2] .
Quantum cosmology poses the challenge of formulating a consistent quantum theory of minisuperspace models, and allows one to conceive theories of initial conditions for the universe. Manifold schemes have been devised to quantize matter coupled to gravity in minisuperspace. Among the most popular are those that rely on the Wheeler-DeWitt (WDW) equation or on the quantization of the conformal factor of the spacetime metric, both often combined with path integrals, and the reduced phase space (RPS) canonical quantization. In the WDW framework, Hartle and Hawking [3] proposed the no-boundary condition, while Vilenkin [4] put forward the tunneling boundary condition, in an attempt to develop a general theory of initial conditions to select a unique wave function for the universe.
In this paper we study a quantized Friedmann-Robertson-Walker (FRW) universe, with a conformally coupled scalar field for source, from the RPS point of view. This academic model, which has no pretense to be a realistic description of the universe, has already been investigated on the basis of the WDW equation [5] [6] [7] , and of the quantization of the conformal factor [8] , so that our treatment may be regarded as complementary to these previous studies. We restrict our attention to the spatially-flat model, which is sufficiently simple to be exactly soluble, and yet rich enough to be useful as a probe of significant aspects of the various formulations referred to above.
2. The Classical Model. The line element for a homogeneous and isotropic universe can be written in the FRW form (we take c = 1)
where σ ij denotes the metric for a three-space of constant curvature k = +1, 0 or −1, corresponding to spherical, flat or hyperbolic spacelike sections, respectively. For a scalar field conformally coupled to gravity the action takes the form [5, 6] 
where Λ is the cosmological constant, M is the spacetime manifold and K is the trace of the second fundamental form of the boundary ∂M. By plugging into (2) the metric tensor associated with the line element (1) and a homogeneous scalar field φ(t) one finds (units are chosen as in [6] )
where the new field
has been introduced [5, 6] . The canonical momenta are
in terms of which the action can be cast in the Hamiltonian form
where the super-Hamiltonian H is given by
The lapse function N plays the role of a Lagrange multiplier, and upon its variation one obtains the super-Hamiltonian constraint H = 0. We shall be interested in the simplest case k = 0 and Λ = 0, for which the super-Hamiltonian constraint reduces to
The classical equations of motion are
With the help of the constraint (8) these equations can be readily solved in the conformal-time gauge N = R. The solution is
where t denotes conformal time, and A and δ are arbitrary constants. In virtue of (4) the original scalar field φ is given by
This model is singular since the scalar R µν R µν becomes infinite at t = 0. Note that the choice δ = 0 gives rise to a special solution such that φ remains finite during the entire evolution of the universe, even at the singularity t = 0.
3. Reduction, Quantization, and the Hartle-Hawking Wave Function. According to the RPS method, one first must solve the constraint equations at the classical level and go over to a reduced phase space spanned by independent canonical variables alone. This can be achieved by making a choice of time and then solving the super-Hamiltonian constraint equation H = 0 for the canonical variable conjugate to the time chosen in the first step. This ensures that the final action preserves its canonical form, and the Hamiltonian in the reduced phase space is identical to the canonical variable whose Poisson bracket is unity with whatever was chosen as time, but now expressed as a function of the remaining independent canonical variables [9, 10] .
For the choice of time t = R one has
where the negative solution for p R was chosen because one reads from Eq.(5) that p R < 0 in the gauge t = R, since R and N are positive by definition. The only remaining degree of freedom is χ, and it follows from Eq.(10) that t is proportional to conformal time. The Hamiltonian (12) is the square root of the Hamiltonian for a harmonic oscillator with mass m = 1/2 and frequency ω = 4.
The transition to the quantum realm is effected by the replacement p χ →p χ = −i∂/∂χ and χ →χ, these self-adjoint operators acting on the Hilbert space L 2 (−∞, ∞) of the square-integrable functions ψ(χ). In virtue of the spectral theorem, the Hamiltonian
is a well-defined positive self-adjoint operator. Thus, in the gauge t = R the situation in the RPS formalism is similar to that encountered in the WDW approach [6] , that is, there are no difficulties concerning self-adjointness of the Hamiltonian operator. It should also be noted that the square root considered in Eq. (13) has nothing to do whatsoever with certain Dirac-like square roots of the harmonic oscillator [11] .
The set {ϕ n (χ)} ∞ n=0 defined by
with H n the n-th Hermite polynomial, is an orthonormal basis of the Hilbert space of states such thatĤ
Although the quantized "energy" spectrum of the universe may be interesting by itself [12] , this subject will not be pursued here. From Eq. (8) it follows that the WDW equation for the present model is
Following Hartle's analysis [5] , the Hartle-Hawking wave function is a solution of (16) of the form
Insertion of (17) into (16) yields
Solving this equation with the boundary condition (18) we find that the Hartle-Hawking wave function is, up to a normalization constant,
Because of Eq. (4), this wave function is square integrable either in R or φ, but not in both variables. This seems to be a reminder that one of these variables should be regarded as time to make a probabilistic interpretation possible.
Let us now resume the discussion of the model from the RPS perspective. Any state ϕ n is stationary as regards the variable χ, but not as regards φ because of the relation (4) between χ and φ. The operator associated with φ isφ =χ πt ,
and since
one has
Inasmuch as t = R, this establishes a correlation between R and φ, that is, large φ occurs at small R and vice-versa. This is the type of correlation encountered in the classical evolution and predicted by the Hartle-Hawking wave function (20) , but here it is a property not only of the RPS "ground" state ϕ 0 , but of any state ϕ n . Though less pronounced for higher n, the correlation is not suppressed at small R due to the absence of a cosmological constant.
Notice that the "ground state" stationary wave function Ψ 0 (χ, t) = e −iE 0 t ϕ 0 (χ) is
Now, since t = R, this is in fact a Vilenkin-type solution to the WDW equation (16), and corresponds to an expanding universe (positive "energy" solution). On the other hand, the HartleHawking wave function represents a superposition, with equal probabilities, of an expanding and a contracting universe.
Here lies an important difference between the RPS and WDW ways of quantizing the present model. In the former approach the eigenvalues ofĤ must be positive, E > 0, whereas in the latter both E > 0 and E < 0 are possible. In the RPS formalism only expanding universes are allowed, while the WDW description allows of expanding or contracting universes. For the present model this appears to be a severe limitation of the RPS method, and, in particular, the Hartle-Hawking wave function (20) cannot be reproduced in its framework. It should be noticed, however, that in other models containing a scalar field the RPS method can accomodate both expanding and contracting universes, and even allow them to interfere [10, 13] .
Singularities.
In the RPS approach to quantum cosmology different choices of time lead to inequivalent quantum dynamics [10] , and this constitutes one of the most perverse facets of the problem of time. What is seldom emphasized is that different choices of time also have a strong effect on the very possibility of determining if a given quantum cosmological model is singular or not. In the WDW framework, no generally-accepted singularity criterion appears to have ever been formulated. The standard singularity criterion in the RPS formulation involves the behavior of the expectation value of the scale factor operatorR as a function of time [14, 15] . In the gauge t = R, however, the scale factor is not a degree of freedom, so that there is no operator associated with it. In this case a singularity indicator would be a quantum observablef whose classical counterpart f vanishes at the classical singularity, and, of course,f must be constructed solely from the operatorŝ χ andp χ . Once such an operator can be found, the model is said to be singular at a certain instant if ψ|f |ψ = 0, ψ being any state of the system at the instant under consideration [14, 15] . We have been unable to identify an operatorf with the desired properties, and its very existence is doubtful, which prevents us from deciding whether the model at hand is singular or not at the quantum level. In short, the typical singularity criterion of the RPS approach does not seem applicable in all gauges.
In the quantum realm perhaps the notion of singular state is more suitable than that of singular model. One might classify the states of the present model from the behavior of the matter field φ.
We have remarked at the end of Sec. 2 that there is a special classical solution such that φ remains finite throughout the evolutionary history of the universe. As far as the matter field is concerned, such a classical state is nonsingular. On the other hand, the Hartle-Hawking wave function (20) predicts an arbitrarily large φ as R → 0, and the same can be said about the corresponding RPS state ϕ 0 , as one reads from Eq.(23). From this point of view, both the RPS "ground" state and the one selected by the Hartle-Hawking boundary condition are singular states.
5.
A Different Choice of Time, and the Tunneling Boundary Condition. Another possible gauge is t = χ, which was considered in [6] in the WDW framework. In this gauge the reduced Hamiltonian is
This is a complicated time-dependent Hamiltonian whose corresponding operator will probably not be easy to handle, giving little hope that any detailed information can be extracted about the quantum dynamics. If the operator associated with p 2 R is self-adjoint, a self-adjoint Hamiltonian operatorĤ(t) can be constructed on the basis of the spectral theorem as a real, time-dependent function of the operatorp 2 R . In the present gauge, the scale factor R is the sole degree of freedom of the system. Since R > 0 by definition, the minisuperspace quantization in the R−representation deals only with wave functions defined on the half-line (0, ∞). In such circumstances it is well known that one has to impose boundary conditions on the allowed wave functions at R = 0, otherwise the operatorp
will not be self-adjoint. Now, in order for the operatorp 2 R to be self-adjoint on L 2 (0, ∞), its domain must be restricted to those wave functions such that
with α ∈ (−∞, ∞]. It should be emphasized that the choice t = χ gives rise to problems in the WDW treatment too.
Although not explicitly mentioned in [6] , if the cosmological constant vanishes then the potential appearing in the WDW equation is bounded from below, so that any square-integrable solution must have a square-integrable first derivative. As discussed in [6] , both in the RPS and WDW descriptions the self-adjointness condition requires that, for any two states ψ 1 and ψ 2 belonging to the domain of the Hamiltonian,
As a matter of fact, it can be shown [16] that the condition (27) is satisfied if and only if the state vectors belonging to the domain ofp 2 R obey Eq.(26). This, however, is in conflict with the Vilenkin tunneling boundary condition [2, 4] , according to which the wave function of the universe Ψ must consist only of outgoing modes at singular boundaries of superspace, which in our present context would amount mathematically to J 12 (0) > 0 whenever ψ 1 = ψ 2 = Ψ.
The impossibility of harmonizing the tunneling boundary condition with a self-adjoint Hamiltonian has also been noticed in a radiation-dominated minisuperspace model [17] . It might be argued that the difficulties of the latter model are not to be ascribed to Vilenkin's proposal, but are due to an inadequate phenomenological treatment of radiation as a perfect fluid. In the case considered here such an objection is groundless, since the matter content is given a microscopic field description.
6. Final Comments. There are noticeable differences and similarities between the RPS and other methods of studying the quantum dynamics of a scalar field coupled to gravity in a conformally invariant way. The Hartle-Hawking no-boundary condition leads to a universal wave function that predicts a correlation between R and φ analogous to the classical one. According to the RPS canonical quantization, this property is shared by all wave functions belonging to the orthonormal basis of the Hilbert space of states generated by the eigenfunctions of the Hamiltonian operator. In the gauge t = R Vilenkin's tunneling boundary condition can be implemented in the RPS approach, but the Hartle-Hawking wave function is ruled out. Different choices of time lead to inequivalent quantum evolutions, and heavily influence the very possibility of deciding whether a given quantum cosmological model is singular or not. This is the notorious issue of time [18] , somewhat veiled by the WDW formalism [6] , but made perfectly visible by the RPS approach.
The simple model investigated here suggests that the problem of time is less acute in the WDW description, and casts serious doubts on the generality of the standard singularity criterion for FRW minisuperspace models in the RPS formalism, since its applicability seems to be limited to certain gauges (choices of time). There are promising new approaches to the quantization of minisuperspace models that do not seem to require a choice of time [19, 20] , but they still need careful scrutiny to assess their physical as well as mathematical soundness.
Not unrelated to the issue of time is the fact that self-adjointness requirements may have important consequences on the allowed quantum states, this being a common feature of the RPS and WDW descriptions of the quantum dynamics. In certain circumstances the self-adjointness of the Hamiltonian may force upon us a unique physical state of the tunneling type [6] , whereas in other unfavorable cases, such as the one examined here, it rules out the Vilenkin wave function. This calls into question the generality of the current theories of initial conditions, especially as regards their applicability to any minisuperspace model, and their supposed immunity to the issue of time.
